This paper generalizes the ACD models of Engle and Russell (1998) using the so-called -Weibull distribution as the conditional distribution. The new speci…cation allows the hazard function to be non-monotonic. We document that the q-Weibull distribution recently suggested in physics as a generalization of the Weibull distribution is closely related to the much older Burr Type XII distribution in statistics. The nested, more heavy-tailed, -exponential distribution is also being introduced. Data from the New York and the Helsinki Stock Exchange with di¤erent market microstructures and data types show that the -Weibull speci…cation outperforms the standard speci…cations used in econometrics and performs as well as the Burr speci…cation of Grammig and Maurer (2000) . The more parsimonious -exponential speci…cation typically provides a reasonable …t, improving the …t over the most commonly applied Weibull speci…cation. We also …nd that the price threshold used a¤ects the shape of the hazard function and thus the relative success of the models and must be taken into account when modeling price durations.
Introduction
Financial data are inherently irregularly spaced. Engle (2000) calls the limit when all transactions are recorded "ultra-high-frequency" data. When sampling such data at …xed time intervals (e.g., 5 min), we lose potentially important information because trades tend to cluster di¤erently within a …xed interval. In order to avoid any loss of information in a parametric setup, we must be able to model the irregularity as accurately as possible.
It is common practice to call the di¤erence between two consecutive trade recording times a "duration" or, more precisely, a "trade duration." Trade durations re ‡ect the intensiveness of trading but they do not reveal all the possibly interesting characteristics of the market. Other type of durations can be considered by de…ning the event di¤erently. A "volume duration" is de…ned as the duration between trades that cross a certain cumulative volume threshold. Volume durations are related to market liquidity. Similarly, a "price duration" is de…ned as the duration between trades that cross a certain cumulative price threshold. Price durations are often found the most interesting duration type because of their relevance in instantaneous volatility measurement [Engle and Russell (1998) ], option pricing [Prigent, Renault, and Scaillet (1999) ], and empirical testing of microstructure theory [Engle and Russell (1998) and Bauwens and Giot (2000) , among others]. Volatility measurement by a price duration type approach, in particular, has potential in that using price durations decrease the e¤ect of market microstructure noise such as bid-ask bouncing.
The basic parametric modeling tool for durations -whether trade, price, or volume durations -is the autoregressive conditional duration (ACD) model of Engle and Russell (1998) . Their model is based on an analogous idea as the tremendously popular (G)ARCH models for volatility [Engle (1982) and Bollerslev (1986) ]: the underlying process is assumed to be observable conditional on the past. Its simple mechanism generates clustering of durations to slow and fast periods in the same manner as volatility clusters to tranquil and turbulent periods. In this paper we study the form of the conditional (or the error term) distribution of price durations by applying a new distribution recently found in physics.
In their seminal article, Engle and Russell (1998) apply the exponential and Weibull distributions as the conditional distribution. The exponential distribution has a ‡at hazard function which makes it particularly easy to work with. Unfortunately, Engle and Russell (1998) …n da ‡ at hazard function to be inconsistent with data. The Weibull distribution performs better empirically by allowing for a monotonically decreasing hazard function. This is however not quite satisfactory either because the hazard function is often found to be increasing for very small durations and decreasing for longer durations [Lunde (1999) , Bauwens and Veredas (1999) , Engle (2000) , and Grammig and Maurer (2000) ]. A misspeci…ed hazard function can have severe consequences particularly in …nite samples; the Monte Carlo simulations of Grammig and Maurer (2000) show that quasi maximum likelihood estimators of the exponential and Weibull-ACD models tend to be biased and ine¢cient.
This can in turn lead to erroneous predictions of expected durations that can be harmful in an ACD-GARCH framework [Ghysels and Jasiak (1998) and Engle (2000) ]. Moreover, intraday volatility estimation by price duration models is heavily dependent on the correct form of the hazard function [Engle and Russell (1998) ].
1 Grammig and Maurer (2000) propose the more general Burr distribution as the conditional distribution. The Burr distribution has two shape parameters which allow it to have a non-monotonic hazard function of "inverted U" shape. For the same reason Lunde (1999) proposes using the generalized gamma distribution. These generalizations can be regarded analogous in spirit to the succesful generalization of the (Gaussian) GARCH model to the more fat tailed Student--GARCH model [Bollerslev (1987) ]. Both the Burr and the generalized gamma distribution nest the exponential and Weibull distributions. They can also take a variety of other distributional forms, including a fat-tailed form. Such ‡exibility was noted to be desirable already by Engle and Russell (1998) . Bauwens et al. (2004) compare several di¤erent duration models. They consider linear 1 The (conditional) hazard function of price durations is linked to the instantaneous intraday volatility by 2 ( jI ¡ 1 )=[ ( )] 2 ( jI ¡ 1 ) where ( ) is the stock price at time , is the price threshold, (¢) is the hazard function, and I ¡1 is the information available at time of the ( ¡ 1)th trade. Similarly, Cho and Frees (1988) show that a "temporal" volatility estimator robust to price discreteness can be constructed based on the …rst time at which a stock price crosses a prespeci…ed threshold. and logarithmic [Bauwens and Giot (2000) ] ACD speci…cations and more complex speci…cations: the threshold ACD [Zhang, Russell, and Tay (2001) ], the stochastic conditional duration model [Bauwens and Veredas (1999) ], and the stochastic volatility duration model [Ghysels, Gouriéroux, and Jasiak (2004) ]. The simple ACD models fair best in their study and they conclude that a good model has to have a conditional distribution that is able to put a lot of probability mass on small durations but not too much on very small durations.
They end up recommending the generalized gamma or the Burr-(log)ACD model.
We propose yet another generalization of the ACD model of Engle and Russell (1998) .
The conditional distribution is now assumed to follow the so-called -Weibull distribution.
This distribution has been found quite recently in statistical mechanics and its application to …nancial data is one the main motivations of this paper. Because of its heavy right hand tail it has potential for many applications in risk management. The ACD models we propose can be used to break large trades into smaller ones in order to lower market impact.
We …nd that our generalization allows for a non-monotonic hazard function often needed in practice. Our generalization also allows for a survivor function that puts more mass on the right tail than the Weibull distribution. We compare the performance of the -Weibull-ACD model and its special case (with one less parameter) -the -exponential-ACD model -to the performance of the standard ACD models using price duration data from the New York Stock Exchange (NYSE) and the rarely analyzed Helsinki Stock Exchange (HSE).
The di¤erences in market microstructure and data types provide some more insight into the workings of the ACD models in relation to each other. We con…rm that with these data price durations are best modeled using a non-monotonic hazard function. TheWeibull and Burr-ACD models are found to perform best. The more parsimonious models (with monotonic hazard function), particularly the -exponential-ACD model, improve their performance relative to the others when the price threshold is increased. This paper is organized as follows. In Section 1, we study the -Weibull distribution.
In Section 2, we apply the -Weibull distribution in the ACD framework. We describe the data in Section 3. In Section 4, we present our empirical results. Section 5 concludes.
Appendices A and B show some technical results and extra model estimates, respectively.
The -Weibull distribution
The -Weibull distribution has its roots in physics where it was introduced and applied by Picoli, Mendes, and Malacarne (2003) . The -Weibull distribution smoothly interpolates the Weibull and -exponential distributions which makes it more fat tailed than the Weibull distribution. The parameter -called the entropy index in statistical mechanics -was originally introduced by Tsallis (1988) in order to generalize the (Boltzmann-Gibbs) normal entropy. The "Tsallis entropy" can be used to derive generalizations of some standardly used distributions such as the Gaussian or the exponential. This type of generalizations are typically identi…ed by the pre…x (not to be confused with the -series distributions); see Gell-Mann and Tsallis (2004) for theoretical background and interdisciplinary applications. Borland (2002) , in particular, has succesfully applied the -Gaussian distribution in option pricing. The -Weibull distribution has not however, to our best knowledge, been applied in economics or …nance before. Most of its properties such as the shape of its hazard function have also remained unknown. Thus, we next document some of its basic characteristics.
De…ne the -exponential function exp [¡ ] 
and 0 otherwise. By restricting ourselves to the positive quadrant, ¸0, the -Weibull density function can be written as
where 0and 1 · 2are shape parameters [the lower bound of being more stringent than in Picoli, Mendes, and Malacarne (2003) in order to guarantee …nite expectation] and 0a scale parameter (see Figure 1 ). [Johnson, Kotz, and Balakrishnan (1995) ].
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Consider the probability of survival to time . This probability is given by a survivor function ( ): =1¡ ( ) , where ( ) is the cumulative distribution function for the corresponding random variable (denoting the duration of stay in the state of interest).
The survivor function for the -Weibull distribution is
Now consider the probability of a state ending between time and time +¢ conditional on reaching time [e.g., Lancaster (1990, p. 7) ]: after that decreasing (i.e., non-monotonic), it means that we are …rst quite sure that we will continue to stay in the current state but that the probability will temporarily decrease.
The hazard function for the -Weibull distribution is
It is non-monotonic when 1and 1(see Figure 2 ). After realizing that the closely related Burr Type XII distribution can be obtained as a (standard) gamma mixture of Weibull distributions [Rodriquez (1977) ], giving rise to a non-monotonic hazard function, the non-monotonicity of the -Weibull hazard function is not in fact surprising. 
It is monotonically decreasing if that the survivor functions for the -exponential and -Weibull distributions are able to put more weight on the right-hand tail than the Weibull distribution which may be empirically important [see Engle and Russell (1998) ].
The density, survivor, and hazard functions for the Burr and generalized gamma distributions can be found in Lancaster (1990, Ch. 4) . Both of them nest the Weibull and exponential distribution. Neither nest the -Weibull distribution, however (or vice versa).
The Burr distribution, of which the Burr Type XII distribution can be seen to be a special case [Rodriquez (1977) Lunde (1999) . The hazard function for the generalized gamma distribution cannot be written in a closed form, however, which is a disadvantage. For this reason we do not consider the generalized gamma speci…cation in the empirical part of this paper but note that our results suggest that it behaves similarly to the Burr speci…cation.
2 The -Weibull-(log)ACD model
The logarithmic ACD (LACD) model [Bauwens and Giot (2000) ] for durations is =© where is IID noise with mean and appropriate distribution, © := exp( ), and = 1 Then E ( jI ¡ 1 )=ª where ª := exp( ) is proportional to the function © by a factor L( ) given below (so that =1 ). The original linear formulation = [Engle and Russell (1998) ] has analogous assumptions.
The conditional expectation can be speci…ed in many ways [see, e.g., Hautsch (2004) ].
We review only the simplest case with one lag (the benchmark case). It is generalizable to multi-lags in self-explanatory fashion. In the linear ACD(1 1) speci…cation the conditional expected duration is
for 0 , ¸0and ¸0. These conditions, sometimes called the Bollerslev inequality conditions [Bollerslev (1986) ], ensure the positivity of the conditional duration. The parameter adjusts to the amount of overdispersion (becoming larger with stronger overdispersion) while the parameter adjusts to the amount of autocorrelation (becoming smaller with weaker autocorrelation). The additional condition + 1ensures the existence of the unconditional mean of the duration. This model stays (strictly) stationary even if the sum of and is equal to one, though [see, e.g., Bougerol and Picard (1992) ].
The LACD(1 1) formulation speci…es the conditional expected duration to be
The only constraint on the coe¢cients then is 1 The logarithmic form implies a nonlinear relation between the duration and its lags. We use this particular logarithmic speci…cation -sometimes referred to as the "Geweke type" or "Type I" -because in the empirical analysis we exclude all zero durations and …nd it thus logical to work with.
In general, the ‡exibility given by a logarithmic formulation is often found important in empirical market microstructure studies where extra covariates (such as volume and spread)
are introduced in the conditional expectation equation.
The relation between © and ª for the -Weibull-(log)ACD model is
In particular we require that 1 2 This does not present a problem in estimation because we expect the hazard function to be empirically non-monotonic (i.e.,
The estimation of the ACD model parameters can be done by maximum likelihood (ML). The function to be maximized is the product of densities of i.e., ( © ) © where is the appropriate density and the "standardized durations" © are IID. By the de…nition of the -Weibull density, we have
By setting the scale parameter to =1and applying the function © then gives the log-likelihood function
The log-likelihood function for the linear case is obtained by replacing with log( ). The analytical derivatives with respect to the parameters are similar to the Burr speci…cation [see Grammig and Maurer (2000) ] and given explicitly in Appendix A.2. Notice that for the -exponential ( = 1) the log-likelihood function simpli…es signi…cantly.
Data description
We use three di¤erent data sets of similar length. Two of the data sets are from the U.S. market and one from a European market. Because the main purpose of this paper is to introduce and compare the performance of the new QWACD and QEACD models to the standardly used ACD models, the U.S. data sets we use are also standard. The European data set, on the other hand, is used to provide some insight into the possible modeling problems outside of the active U.S. market where a di¤erent market mechanism is in place.
The three month long (September, 1996 to November, 1996 NYSE Trades and Quotes (TAQ) data set has been analyzed in several articles [e.g., Giot (1999) , Bauwens et al. (2004) , Fernandes and Grammig (2005, 2006) ]. Grammig and Maurer (2000) , in particular, analyze the data of Boeing (BA), Coca-Cola (KO), Disney (DIS), Exxon (XON), and IBM (IBM). These data are made available by J. Grammig and we use them as benchmark data.
Another popularly used data set is the three month long (November, 1990 to January, 1991) consolidated NYSE Trades, Orders, Reports, and Quotes (TORQ) data set. Engle and Russell (1998) analyze the data of IBM. These data are made available by R. F. Engle and we use them as another useful benchmark. In both the TAQ and the TORQ data sets the NYSE is trading continuously six and half hours per day (9 : 30 ¡ 16 : 00 EST).
Descriptive statistics for IBM with three di¤erent price thresholds are reported in Table   1 . (A larger threshold than $0 250 could be chosen, but we …nd them producing too few intraday observations for a reliable study.) The pre-…ltering and diurnality adjustment we use (described in Section 4.1) are essentially the same as in Engle and Russell (1998) .
In addition to these two data sets, we use data from the Helsinki Stock Exchange (HSE).
The HSE has an electronic order-book system which means that it does not have market makers like the NYSE "hybrid" system does. Another di¤erence is that the tick size on the HSE is 0 01 (EUR) while the tick size on the NYSE (at the time of data recording) i s$ 0 125 f o rt h eT O R Qa n d$ 0 0625 for the TAQ data. By using di¤erent type of data sets we are able to test our models' performance in di¤erent environments. And because the HSE has a decimal system, the HSE data shed some light on the performance of the models at the later decimalized NYSE (completed on January 29, 2001). 3 The HSE data span six months (January, 2000 to June, 2000 totaling to 124 trading days. In this period the HSE has seven hours of continuous trading per day (10 : 30 ¡ 17 : 30 CET+1) so that trading days are half an hour longer than on the NYSE and overlap for an hour. We …nd two unusual trading days on the HSE: on March 21 continuous trading was halted for half an hour in the beginning of the day and on April 20 the exchange closed few hours earlier than normally. These two days are however not excluded from the analysis because we do not …nd them impacting the parameter estimates signi…cantly. To remain consistent in this respect, we decide not to exclude unusual days from the IBM TORQ data either [Engle and Russell (1998) exclude them].
In our analysis of the HSE and TORQ data, zero durations are excluded by merging trades that are recorded at the same second (i.e., data are compressed). The smallest duration is thus one second (allowing for the logarithmic form). If prices di¤er at the same second, a weighted average based on the volumes is calculated. Block trades are not excluded. Overnight durations, de…ned as the duration between the …rst executed event of the day and the last of the previous day, are excluded. The "market openings," de…ned as the durations between the opening and the …rst trade, are also excluded. Durations recorded outside the o¢cial market hours are excluded. This excludes the so-called "after market trading" sessions on the HSE (9 : 00 ¡ 9 : 30 and 17 : 30 ¡ 18 : 00). These procedures are for the most part standard. One possibly signi…cant di¤erence is, however, that with the HSE data we can only use transaction prices because midprices are not available. Midprices, de…ned as the average of the bid and ask price at the time of the transaction, are often used to minimize price discreteness and the "bid-ask bounce" e¤ect, i.e., the arti…cial bouncing of the transaction price between bid and ask. We try to adjust to this limitation by analyzing both midprice and transaction price TORQ data for comparison.
The HSE data consist of four stocks: Nokia, Sonera, UPM-Kymmene, and Stora-Enso.
A study with more stocks, possibly matched against similar NYSE stocks, was found to be hard in practice due to the inactivity of the other HSE stocks at that time. Because of space constraints, we concentrate on Nokia (NOK). The results for Sonera (SRA) are very similar though (the other two stocks are already much less liquid). In year 2000, NOK was clearly the most actively traded stock on the HSE and, in fact, among the most liquid stocks traded on the NYSE. 4 Descriptive statistics are reported in Table 1 . From this table we see that the mean trade duration for NOK is short (10 81 seconds) with average volume of 3 933 shares (median 1 550) per each time stamp. With price threshold 0 10 (ten ticks) Note: T and M denote transaction price and midprice threshold, respectively.
the mean duration becomes much longer (112 1 s) and the average volume is increased to 4 386 (median 1 600) The degree of overdispersion (DOD) (the ratio of standard deviation and mean) increases as well. In comparison, the mean trade duration for IBM (TORQ data) is quite long (27 24 s) with smaller average volume of 1 840 shares (median 600) per each time stamp. With transaction price threshold $0 125 (one tick) the mean duration becomes longer (79 54 s) and the average volume is increased to 1 945 (median 500) shares.
The DOD stays roughly the same with the threshold increase and is signi…cantly less than for NOK (and the other HSE stocks).
Empirical analysis 4.1 Preliminary analysis
Durations have an "inverse-U" intraday pattern on average: durations are expected to be short when the exchange opens and when it closes but long in between. 5 The intraday pattern is well documented for the NYSE [see, e.g., Engle and Russell (1998) and Grammig and Maurer (2000)], so we exemplify it here with the less often analyzed HSE data instead. squares method allows us to estimate
where 1 is the indicator function for the th segment of the spline (i.e., 1 =1if ¡1 · ¡1 · ,
=1
9 and 0 otherwise) and " ¡1 ¡ ¡1 " is the distance from the previous knot.
The Ljung-Box (LB) test statistics for the raw and diurnally adjusted data are reported in the last column of Table 1 . Highly signi…cant autocorrelation exists even after the adjustment. 6 The LB statistics for trade and price durations are considerably higher on the HSE than on the NYSE. This is probably caused by the more frequent trading on the HSE 
Estimation results
The ML estimation of the ACD models is done in GAUSS v7.0 using the constrained maximum likelihood module. 7 The parameter value for is constrained by 1 2for
the -Weibull speci…c a t i o na n db y1 3 2for the -exponential speci…cation. The starting value is set to 0 =1 20 which allows for consistent estimation (because then the …rst two moments exist). The parameters in the conditional expected duration equation ( , and ) are by default constrained by the Bollerslev inequality constraints. Although in the LACD(1,2) and (2,2) models we systematically …nd negative values for certain parameters, our results are not qualitatively sensitive to the choice of the constraints. The starting values for the other parameters are set to the ML estimates of Grammig and Maurer (2000) . For optimization, we use the so-called BHHH algorithm with Brent's method for the line search.
Both linear and logarithmic ACD models are estimated using numerical derivatives.
The standard way to evaluate the performance of ML estimated parametric models is by their respective log-likelihood values. The classical likelihood ratio (LR) test is not completely satisfactory in our context, however. This is because the classical LR test cannot be used to compare non-nested models. The presence of inequality constraints in the parameter space also lead to di¢culties in obtaining implementable exact critical values [Wolak (1991) ]. Thus, to complement the LR test, we use two speci…cation tests applied in Grammig and Maurer (2000) , namely, the density forecast technique [Diebold, Gunther, and Tay (1998) ] and the "D-test" [Aït-Sahalia (1996) and Fernandes and Grammig (2005) ].
The density forecast technique relies on an integral transform into an unit uniformly distributed IID random variable under the correct speci…cation [Rosenblatt (1952) 
is the forecasted density of the standardized durations.
The transformed data are then amenable to a chi-square and an LB test which both have to be passed in order to have the null hypothesis of correct speci…cation retained. The Dtest, on the other hand, is designed to reveal a di¤erence between the (implied) parametric and the true density functions of the standardized durations. In our case the latter is approximated using a Gaussian kernel in a logarithmic scale which neatly circumvents the kernel's possibly severe boundary bias near zero. The test statistic is de…ned as
where 1 is an indicator function de…ned to be 1 in the set of stable values for and 0 otherwise, ( )is the implied parametric function, and ( ) the true density function of the standardized durations. 8 Fernandes and Grammig (2006) argue the D-test to have excellent power against …xed and local alternatives. 9 But because Pritsker (1998) has shown the test to be incorrectly sized especially in persistent time series (with the consequence of rejecting a true null hypothesis too often), in our empirical analysis we rely primarily on the density forecast technique which is more commonly applied in the literature. The density forecast technique is also better suited to show problems in the tail regions which is the region where most of the remaining problems lie. Both test statistics are reported in the tables, however, and they are in general in line with each other.
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In Tables 2 to 4 we report the ML parameter estimates, the log-likelihood values, and the test statistics for the following …ve linear ACD(1,1) models that we are going to have a closer look: the exponential-ACD (EACD), the Weibull-ACD (WACD), the Burr-ACD (BACD), the -exponential-ACD (QEACD), and the -Weibull-ACD (QWACD). Following Grammig and Maurer (2000) , we use 2 3 of the data for in-sample estimation and 1 3 for out-of-sample evaluation. In the out-of-sample evaluation the test statistics are calculated using the out-of-sample data but the parameter estimates are …xed to their in-sample values.
We also include a few extra tables in Appendix B for the interested reader.
This setup allows us to exactly reproduce the results of Grammig and Maurer (2000) for the …rst three models (EACD, WACD, and BACD) and to evaluate our new models (QEACD and QWACD) against them. Because the parameter estimates for the logarithmic speci…cation are qualitatively the same as for the linear one, we only report the latter here 8 Logarithmic durations ( = log ) imply ( )= [exp( )] exp( ) [see Grammig and Maurer (2000) ].
9 Their bootstrap version of this test would be more powerful but it would also be much more laborious to use and thus we do not apply it here [see Fernandes and Grammig (2005) ].
10 More graphical evidence of the performance of these tests is reported in Vuorenmaa (2006) . and remark that the logarithmic speci…cation tends to be a bit more robust in autocorrelation removal [in line with Bauwens and Giot (2000) and Bauwens, Galli, and Giot (2003) ].
We also concentrate almost exclusively on the results of the one-lag models. Adding more lags does not seem to lead to systematic and signi…cant improvements in any other respect than that autocorrelation is removed more e¢ciently and log-likelihood values are modestly higher. We …nd for example that although the Akaike information criteria tends to prefer a multi-lag model, the Bayesian information criteria tends to choose the one-lag model. This is in line with the common preferance of one-lag models in volatility modeling, for example.
The NYSE TAQ data provide the natural benchmark for model comparison so we start our analysis from there. The midprice threshold is …x e dt o$ 0 125 (two ticks) by the data source. The parameter estimates and test statistics for the EACD, WACD, and BACD models are reported in Grammig and Maurer (2000) . We reproduce them for convenience in Appendix B. Because the QEACD and QWACD results are qualitatively similar to the results we report below with the TORQ and HSE data, we defer them there as well. In order to prepare the reader for what follows, we next point out a few things from them. We next analyze the strongly autocorrelated IBM more carefully with the TORQ data.
Although our primary goal in this paper is not to compare midprice data and transaction price data, we carry out the estimation using both data in order to be better able to interpret the results regarding the HSE later (recall that the HSE data are transaction price data).
For the IBM TORQ data, we consider three di¤erent thresholds in order to see the e¤ect of a threshold increase: $0 125 (one tick), $0 1875,a n d$ 0 250 We report only the results with the smallest ($0 125) and largest ($0 250) thresholds because the results with $0 1875 are qualitatively the same as with the latter. In general, the results that we just pointed out for the TAQ data hold with the IBM TORQ midprice data. In particular, we …nd that the implied hazard function is non-monotonic using the smallest midprice threshold (see Table   2 , upper panel). With the largest (and medium) threshold, however, the implied hazard function becomes monotonically decreasing, i.e., b or b 1(see Table 2 , lower panel).
The IBM TORQ transaction price data generally con…rm the above results (see Table   3 ). The di¤erence to the midprice data is that we now obtain a bit lower estimates for , and : with the smallest threshold we get b =0 9814 (0 011) and b =0 9812 (0 011) and with the largest threshold we get b =0 7185 (0 018) and b =0 7189 (0 018). This may be caused by the more prevalent market microstructure noise, re ‡ected in the stronger transaction price data autocorrelation especially with the smallest threshold (see Table 1 ).
All the ACD models do not perform well. The QWACD and BACD models perform quite well with both thresholds and data types using the TORQ data, but the simpler models are signi…cantly less robust and, at least for IBM, more pronouncedly so using transaction prices. The WACD model, for example, performs exceptionally well ( 2 = 23 1 and = 41 6) with the largest transaction price threshold for which the bid-ask bounce is less severe [see Engle and Russell (1998) TheHSEdatarecon…rm the above …ndings. The main challenge stems from the fact that NOK is hard to model because of its very strong autocorrelation (stronger than IBM's ). We now also have to settle for using only transaction price data because we do not have midprice data available for the HSE. Market microstructure noise (mainly the bid-ask bounce) should not be a major problem, however, because no o¢cial market makers are assigned on the HSE and, more importantly, we use price thresholds that are much larger than one tick.
We again estimate the …ve models using three di¤erent thresholds: 0 05, 0 10, and 0 20.
The QWACD and BACD models perform the best regardless of the threshold. The …t also improves as a function of threshold. While the smallest threshold (0 05) estimates imply a non-monotonic hazard function (see Table 4 , upper panel), the largest threshold (0 20)
estimates implies a monotonically decreasing hazard function (see Table 4 , lower panel). Figure 5 ). Recall that under the correct speci…cation the histogram of the integral transformed series should be ‡at with some reasonable con…dence [here we use 90% as do Grammig and Maurer (2000) ]. It is obvious from Figure 5 that the QWACD and BACD models have problems in …tting the left-hand tail region with the smallest threshold (the BACD performs almost identically and its histograms are not shown here). Although their …t is not good, the other models actually do much worse. Fortunately, most of these problems reduce signi…cantly with a larger threshold as dramatically exempli…ed by for example the QWACD model for which the drop is from 2 = 268 9 to 26 6. [The other liquid HSE stock (SRA) has a similar drop t oa 2 -value that is typical for the much less autocorrelated TAQ stocks; see Appendix
B.] Clearly, a threshold increase typically alliavates problems when the autocorrelation is strong. The near-zero region stays harder to …t than the right-hand tail especially by the WACD model which puts more mass near zero than the QEACD model (and vice versa for the right-hand tail). The tradeo¤ between the tails is pretty much resolved by the QWACD and BACD models although they still tend to overestimate the smallest durations. This con…rms the conclusion of Bauwens et al. (2004) who see room for improvement near zero.
We …nish this analysis by some general remarks. The expected duration equation parameter estimates in the one-lag speci…cation of the BACD, QEACD, and QWACD models are typically very similar. In contrast, the same parameter estimates for the EACD and WACD models are signi…cantly di¤erent. Notice also that a threshold increase has a significant e¤ect on these estimates [see also Giot (1999) ]. In particular, when the threshold is increased, b tends to increase and b decrease (the e¤ect being stronger for transaction price data). This is related to the strength of autocorrelation (see Section 2). The out-of-sample results fortunately suggest that the estimates for the expected duration remain quite stable over the time period. This conserves at least part of the usefulness of these models.
In summary, the main di¤erence between the ACD models considered in this paper lies in their ability to account for the shape of the conditional distribution and the hazard function. The exponential and Weibull distributions systematically under or overestimate the empirical distribution in certain regions, most seriously in their tails (the former by far worse). In general, the -exponential distribution speci…cation outperforms both of them. The -Weibull and Burr distribution speci…cations perform almost identically and give robustly the best …ts. In this paper we have also empirically shown that it is important to acknowledge that the price threshold used may signi…cantly a¤ect the shape of the hazard function. This threshold dependence seems to be much more evident in the HSE data than in the NYSE data which is probably due to the di¤erences in their market microstructures.
It could in particular be due to the fact that the decimalized system allows for more freedom in price setting and thus the market making strategies are di¤erent. Importantly, the threshold dependence a¤ects the performance of all the considered ACD models relative to each other. This implies that the models that can account for the non-monotonicity of the hazard function lose part of their advantage with a larger threshold. Thus, if parsimony is considered important, the choice of the "best" ACD model is not clear cut. On the other hand, the simpler models seem to be signi…cantly less robust with respect to the data type and threshold and should thus be applied with more care. Caution should be exercised with Figure 5 : Histograms of the integral transformed series and their corresponding autocorrelation functions for NOK on the HSE with thresholds 0.05 (above) and 0.20 (below) using three di¤erent ACD speci…cations. The horizontal lines denote the 90% and 95% con…dence intervals for the integral transformed series and the ACFs, respectively. the other models as well because of strong autocorrelation. The logarithmic speci…cation appears to …t the autocorrelation structure slightly better than the linear one.
Finally, although we use only price duration data in our empirical analysis, it is likely that the performance of our new ACD models is qualitatively similar for volume duration data as well [for some indication of this, see Grammig and Maurer (2000) and Bauwens et al. (2004) ]. In contrast, trade duration data may be much more problematic to …t because of the extremely strong and long-lasting autocorrelation as demonstrated here (see Table   1 ). This may lead one to prefer a long-memory ACD model similar to the ones used in volatility modeling instead [Jasiak (1999) ]. One could try to use such a model with strongly autocorrelated price duration data as well. The downside of using such models, and the reason for their exclusion from this analysis, is that they are more di¢cult to estimate which hinders their use. It is also noteworthy that sometimes the hazard function implied by the parameter estimates from the trade duration data is monotonically decreasing (e.g., StoraEnso on the HSE; not reported here). This could be caused by the relatively infrequent trading, suggesting that liquid stocks have somewhat di¤erent dynamics from illiquid ones.
A comparison between them could prove fruitful because in reality most stocks are actually quite illiquid (while most empirical studies use liquid stocks). Modern trading algorithm attempt to lower the transaction costs of trading large blocks even for illiquid stocks.
Conclusions
In this paper we have generalized the benchmark exponential and Weibull-ACD models to the -Weibull-ACD model. From a …nancial econometric perspective, our generalization is motivated by the fact that it allows for a non-monotonic hazard function which is empirically desirable. Many properties of the -Weibull distribution have not been recorded before nor has the distribution been applied to …nancial data before. That constitutes another motivation for using it here. The performance of the -Weibull-ACD model is demonstrated using price duration data from the NYSE and the HSE which have market microstructures di¤erent from each other. Our main conclusion is that the -Weibull-ACD model clearly outperforms the benchmark exponential and Weibull-ACD models with all data. TheWeibull-ACD model performs as well as the previously succesful Burr-ACD model. The more parsimonious -exponential-ACD model often outperforms the Weibull-ACD model with as many parameters. The performance is particularly good when the hazard function is monotonic (or nearly so) and a fat tailed conditional distribution is needed.
We have also empirically shown that the threshold level used a¤ects the shape of the hazard function implied by the model parameter estimates: as the threshold level is raised, the hazard function implied becomes monotonically decreasing. That is, the form of the conditional distribution does not stay exactly the same when the threshold is increased.
This in turn a¤ects the success of the models relative to each other and makes the more parsimonious -exponential-ACD model more attractive. The downside is lack of robustness which may become serious with illiquid stocks and di¤erent trading venues. We thus recommend the -Weibull-ACD and Burr-ACD models which perform robustly the best.
In light of the previous studies, the generalized gamma speci…cation is likely to perform equally well. In order to further improve their …t one would like to adjust for the strong and long-lasting autocorrelation especially in trade durations. The …t could perhaps be improved by modeling the near-zero durations more accurately with other conditional distributions. Regime switch models o¤er another alternative [see Hujer and Vuletić (2005) ].
In future, it would be interesting to study the e¤ects of di¤erent market mechanisms and tick sizes more extensively and with more recent data. Unfortunately this was not possible to do in this paper because of data availability problems at the time of writing.
Our preliminary results suggest, however, that a tick size reduction itself does not a¤ect the model estimates much, the more important aspect being the quote setting behavior of market makers that is already known to be a¤ected by decimalization especially in the era of algorithmic trading. The ‡exibility of the proposed ACD models is a valuable property in this respect. Another future improvement we are contemplating is related to the use of more e¢cient data pre…ltering methods because data errors can a¤ect especially the tail regions of the conditional distributions. There are also number of other avenues for durations modeling, especially if the durations can be smartly linked to other variables (e.g., volatility) as done for example in Engle (2000) or Renault and Werker (2008) .
From a broader perspective, we believe that the distributional generalizations that we have applied here in the ACD framework should prove valuable also in other contexts in economics and …nance where fat-tailed distributions are called for. The most obvious example in economics is the modeling of income distributions where the closely related Burr
Type XII distribution has already proved to be succesful. Applications in risk management c a nb ee a s i l yi m a g i n e d . W el e a v et h e s ei s s u e sf o rf u t u r er e s e a r c h . 
